Abstract. In this paper we study a model of tumor which grows or shrinks due to proliferation of cells which depends on nutrient concentration modelled by a diusion equation. The tumor is assumed to be spherically symmetric, and its boundary is an unknown function r = s(t). It is shown that there is a unique stationary solution with radius r = R 0 which depends on the various parameters of the problem. Denoting by c the quotient of the diusion time-scale to the tumor doubling time scale, so that c is small, we prove that
The model.
In this paper we consider the growth of a tumor, assuming that it has a spherical shape fr < s ( t ) g ( r = j x j ; x = ( x 1 ; x 2 ; x 3 )) at each time t; the boundary of the tumor is given by r = s(t), an unknown function of t. We shall study the model initiated by Byrne and Chaplain [4] (see also [3] [5] ); other models are described in [1] [2] [7] .
Denote by (r; t ) the nutrient concentration in the tumor. The time t is measured in minutes so that the diusion time scale R 2 0 =D is of unit order; here R 0 is the length-scale of the tumor and D is the diusion coecient of the nutrient concentration.
Denote by B (1.4) The model (1.1){(1.4) was studied in [4] . Assuming that = > > B + 0 ; (1.5) a steady solution was computed and its stability w as discussed. In this paper we study in more detail, and with rigorous mathematical proofs, the behavior of the time-dependent solution as t ! 1 .
In Denoting the numerator by k(), it suces to show that k() > 0. But a straightforward calculation shows that k 4 () = 1 6 cosh sinh > 0 whereas k j (0) = 0 for 0 j 3, so that indeed k() i s a positive function. 3. The evolution problem: General properties.
Throughout this paper it is assumed that 0 0 (r) < for 0 r < s (0); and 0 (r) i s a continuous function. Theorem 3.1. The system (1.6){(1.10) has a unique solution (r; t ) ; s ( t ) , and 0 < ( r ; t ) < if 0 < r < s ( t ) ; t > 0 ; (3.2) s(0)e t s(t)s(0)e t if t > 0 ; (3.3) s ( t)_ s(t)( ) s(t) if t > 0 : (3.4) Proof. We rst assume that a solution exists and derive the estimates (3.2){(3.4). By the maximum principle, cannot take non-positive minimum in the set fr < s(t)g, so that (r; t ) > 0 if 0 < r < s ( t ). Similarly cannot take positive maximum, larger than or equal to , i n t h e set fr < s ( t ) g .
Next, from (1.7) and (3.2) we get the inequalities in (3.4), from which we also deduce the estimates in (3.3).
Local existence and uniqueness of solutions to (1.6){(1.10) can be proved by standard arguments as for the Stefan problem [6; chap. 8]; instead of the Stefan condition _ s = x we now have the free boundary condition (1.7), which actually makes the analysis simpler. Finally, the a priori estimates (3.3), (3.4) enable one to extend the solution step-by-step to all t > 0.
We conclude this section by deriving an integral equation for s(t). Proof. We divide the proof into two steps.
Step 1. We assume that
for some T 1 > 0, and show that if 0 is suciently small then we get a contradiction. s(t) = R 0 , which is a contradiction if we initially choose 0 < R 0 .
Step 2: Choose 0 < 1 < 2 < 0 (say 2 = # 0 ; 1 = # 2 0 ; 0 < # < 1), 0 as in Step 1.
Without loss of generality we may assume that s(t) is not 0 for all t > 0. Then, by Step which is precisely the relation (4.14). 2 ).
We now need to take a larger constant M in order to control the derivative of (t) so that v remains a subsolution. Indeed we take M 2 = + C 1 for some large enough constant C 1 , and then require that c is so small that + C 0 c < M 2 for some > 0. By assumption B < 0 ( B is dened in (3.5)) so that the right-hand side is < jBj(M 2 M):
On the other hand the left-hand side is for all t > 0 : (6.4) Proof. Since r (s(t); t ) 0, (3.7) yields We claim that the inequality Bf(t)>(1 + )(
f(t)dt + ) (6.6) holds for all t 0. Indeed for t = 0 this follows from (6.3). If (6.6) does not hold for all t > 0 then there is a smallest t = t 0 > 0 such that (6.6) holds for all t < t 0 , but 7. Stability of the stationary solution for small c.
In this section we prove that the stationary solution is globally asymptotically stable if c is suciently small. This result was suggested by a formal two-scale asymptotic analysis in [4] . In particular, the stationary solution is (nonlinearly) stable. The proof of Theorem 7.1 is based on the following lemma. Next, using the convexity of G c we have, from (7.11) and (7. Recalling the denitions of (t), c 0 and making use of (7.18), (7.19) , it follows that s(t) R 0 A c + e t and, using (7.21) to bound the right hand side of (7.20), _ s(t) A c + e t : Similarly, using the the lower bound for E(t) in (7.13), one can prove that A c + e t s(t) R 0 and A c + e t _ s(t)
thereby establishing the validity of the rst two inequalities in (7.2). Finally, the bound on j(r; t ) s ( r ) j immediately follows by combining (7.5), (7.6) with the rst inequality in (7.2).
Proof of Theorem 7.1. We may now establish the stability of the stationary solution by repeated application of the preceding lemma. Indeed, combining (3.4) and (5.2), we know that for c small the hypotheses of the lemma hold true that is, for c < c 0 , there exists an > 0 such that (7.1) holds. Then, by Lemma 7.1, we have js(t) R 0 j A c + e t 2Ac for t T 0 where, for any given c such that 2Ac < 1 w e dene T 0 by e T 0 =c:
Similar estimates hold for j_ s(t)j and j(r; t ) s ( r ; t ) j for t T 0 .
Iterating this result we obtain js(t) R 0 j A (2Ac) n 1 c + e t n 1T 0 (2Ac) n for t nT 0 ; with similar estimates for j_ s(t)j and j(r; t ) s ( r ; t ) j .
Finally, dene > 0 b y (2Ac) = e T 0 (<1) and, given t > 0, let n be the largest integer that satises nT 0 t < ( n + 1 ) T 0 . Then js(t) R 0 j (2Ac) n = e n T 0 =e t e nT 0 t e T 0 e t =Be t as desired. 8. Conclusions.
In this paper we have considered radial growth of nonnecrotic tumors in the absence of inhibitors. The parameters of the problems are such that a unique stationary solution, with radius R 0 , exists. We proved rigorously that according to this model the tumor will never totally disappear. Furthermore, in the case where the tumor doubling time is large compared to the time scale of the diusion of nutrient (within the tumor), the radius of the tumor converges to the stationary radius R 0 , and the convergence is exponentially fast. On the other hand if the tumor doubling time is small compared to the diusion time scale, then the stationary solution is generally unstable and the tumor size increases exponentially fast to innity, for a large set of initial data.
